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Abstract. We consider a quotient space of the Bers boundary of Teichmiiller 
space, which we call the reduced Bers boundary, by collapsing each quasi- 
conformal deformation space into a point. This reduced Bers boundary turns 
out to be independent of the basepoint, and the action of the mapping class 
group on the Teichmiiller space extends continuously to this boundary. We 
show that every auto-homeomorphism on the reduced Bers boundary comes 
from an extended mapping class. We also give a way to determine the limit 
in the reduced Bers boundary up to some ambiguity for parabolic curves for 
a given sequence in the Teichmiiller space, by generalising the Thurston com- 
pactification. 

1. Introduction 

In 1970, Bers considered an embedding of Teichmiiller space into the space of 
quasi- Fuchsian group, which is called the Bers embedding today ([3]). He also 
showed that the image of the embedding is relatively compact in the space of 
representations modulo conjugacy, and its boundary, which is now called the Bers 
boundary, consists of Kleinian groups with unique invariant domains, b-groups. 
This construction is interesting both as a compactification of Teichmiiller space 
and as a way to produce new Kleinian groups. In the later development of the 
theory of Kleinian groups culminating in the resolution of the ending lamination 
conjecture of Thurston by Brock-Canary-Minsky [BJ, b-groups play important roles 
as prototypes of Kleinian groups lying on the boundary of deformation spaces. 

Viewed as a compactification of Teichmiiller space, this construction is not so 
natural as Thurston's compactification. Indeed, the Bers boundary depends on the 
basepoint, which is the lower conformal structure of the b-groups on the boundary, 
and there is no continuous extension of the action of the mapping class group on 
Teichmiiller space to the Bers boundary as was proved by Kerckhoff-Thurston [14] 
using the geometric limits of Kleinian groups. Looking in depth into the argument of 
Kerckhoff-Thurston to prove the dependence of the Bers boundaries on basepoints, 
we can see that this phenomenon is caused by the existence of quasi-conformal 
deformation spaces contained in the boundaries. Therefore, we can expect that 
if we consider the quotient space of the Bers boundary obtained by collapsing 
each quasi-conformal deformation space into a point, the resulting space may be 
independent of the basepoint. Indeed, Thurston conjectured that this is the case, 
according to McMullen [15] , The first of our main results solves this conjecture 
affirmatively: we shall show that the quotient space, which we call the reduced 
Bers boundary as in our title, is independent of the basepoint and the action of 
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the (extended) mapping class group on Tcichmiiller space extends continuously 
to the reduced boundary. As a set, this reduced Bcrs boundary can be regarded 
as a subset of the unmeasured lamination space, by considering end invariants of 
Kleinian groups on the Bers boundary and using the ending lamination theorem. 
Neither of these two spaces is Hausdorff. Nevertheless, it will turn out in i|3]that 
the topology of the reduced Bers boundary is different from the one induced from 
the unmeasured lamination space. 

Once we have an action of the extended mapping class group on the reduced Bcrs 
boundary, it is natural to ask whether it is its full symmetries or not. Papadopoulos 
([22]) considered this problem for the unmeasured lamination (or foliation) space. 
He showed that there is a dense subset in the unmeasured lamination space which 
is invariant under the action of the extended mapping class group, such that every 
auto-homcomorphism induces the same action as an uniquely determined extended 
mapping class in that subset (except for the cases of a three or four-times-punctured 
sphere and a closed surface of genus 2). This dense subset is the set of closed 
geodesies, and he used the result of Ivanov, Korkmaz and Luo ([9], [10], |11|). 
which says that every simplicial action on a curve complex is induced from an 
extended mapping class, to show that the action on this subset comes from an 
extended mapping class. We shall show that the same kind of argument works also 
for the reduced Bers boundary. Moreover, we shall show that the action of any 
homeomorphism coincides with that of an extended mapping class group on the 
entire reduced Bers boundary, not only on the dense subset. 

As was shown by Kerckhoff-Thurston, the Bers boundary and the Thurston 
boundary are quite different. The Thurston compactification is the completion 
of the image of the embedding of the Teichmuller space T(S) into the projective 
space PM$, where iS is the set of simple closed curves on S, and the embedding is 
defined by setting the s-coordinate of m £ T(S) to be the hyperbolic length of s 
with respect to m. In this construction, only simple closed curves whose lengths 
diverge in the highest order are reflected to determine a point in PM.^_. In other 
words, what matter is the part on the surface degenerating in the highest order, 
and all the other parts are ignored. The Bers boundary reflects information on 
degeneration of hyperbolic structures in lower orders. Therefore, to understand 
the reduced Bers boundary, it is necessary to generalise the construction of the 
Thurston boundary so that we can take into account degeneration in lower orders. 
The work of Morgan-Shalen, Bestvina, Paulin, and Chiswell ([17], [2J, [22], [7J) is 
a trial to construct a larger compactification taking into account degeneration in 
lower orders. For our purpose their compactification is not enough since we also 
need to consider degeneration which cannot be compared using the logarithms of 
the length functions. In fj5] we shall introduce a notion of multi-layered Thurston 
limits, which gives us information to determine what is the limit point in the reduced 
Bers boundary up to some ambiguity on parabolic curves for any given sequence in 
Teichmuller space. 

The author is grateful to Ursula Hamenstadt whose comments made him aware of 
the difference of the topologies of the reduced Bers boundary and of the unmeasured 
lamination space, and to Athanase Papadopoulos for explaining his work on the 
actions on unmeasured lamination spaces, which motivated the results in 52] and 
for his helpful comments on the manuscript. 
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2. Preliminaries 

2.1. Teichmiiller spaces and their Bers embeddings. Let S be an orientable 
surface of genus g and p punctures, where g or p may be 0. Throughout this paper, 
we always assume that the surface is of finite type, and £(S) = 3g +p > 4. The 
Teichmiiller space of S is denoted by T(S). 

For a surface S as above, we let AH(S) be the set of faithful discrete representa- 
tions of wi(S) to PSL 2 C sending every loop going around a puncture to a parabolic 
element, modulo conjugacy. (Here AH stands for the space of "homotopic hy- 
perbolic structures" with the "algebraic topology".) We endow AH(S) with the 
topology induced from the quotient topology of the representation space. An ele- 
ment of AH(S) is expressed in the form of (G, </>), where is a representation and 
G is its image in PSL2C. We call (G, </>) a marked Kleinian surface group with 
marking </>. For a marked Kleinian surface group (G, <p), we denote a homotopy 
equivalence from S to H 3 /G induced from <f) by the corresponding letter in the 
upper case, for instance, $ for (j>. 

For a Kleinian group G, we denote its limit set in the sphere at infinity by Aq 
and the region of discontinuity, which is the complement of Aq in the sphere at 
infinity, by fig . 

A Kleinian surface group G is called quasi-Fuchsian when Aq is a Jordan curve. 
Let QF(S) denote the subspace of AH(S) consisting of all marked quasi-Fuchsian 
groups. By the theory of Ahlfors and Bers, there is a parametrisation qf : T(S) x 
T(S) — > QF(S), where T(S) denotes the Teichmiiller space where the markings are 
orientation reversing. For (m, n) 6 T(S) x T(S), its image qf(m,n) is a marked 
quasi-Fuchsian group (G, <p) such that the pair of marked Riemann surfaces obtained 
as /G is exactly (m, n). We call to the lower conformal structure and n the upper 
conformal structure of {G,<t>). 

For mo € T(too), we call qf({rrio} x T(S)) the Bers slice with basepoint at 
mo, and the map from T(S) into QF(S) defined by qf(mo, ), where we identify 
T(S) and T(S) by complex conjugation, the Bers embedding. We take the closure 
of (//({mo} x T(S)) in AH(S). Then its boundary consists of marked Kleinian 
surface groups whose domains of discontinuity have only one invariant component. 
Such groups are called b-groups. We call the boundary the Bers boundary with 
basepoint at mo- For the invariant component f2° of flc for a b-group (G,</>), 
the Riemann surface £l°/G with a marking coming from (f> is conformal to (S, mo) 
preserving the markings. 

A Kleinian group G is said to be geometrically finite when the convex core of 
H 3 /G has finite volume. A geometrically finite b-group is called a regular b-group. 

2.2. Laminations and end invariants. Fix a hyperbolic metric on S. A geodesic 
lamination A on S is a closed subset consisting of disjoint simple geodesies. When 
we talk about laminations, we always fix some complete hyperbolic metric on S. 
The choice of a metric does not concern us: any hyperbolic will do. The geodesies 
constituting A are called the leaves of A. A minimal component of A is a non-empty 
sublamination of A in which each leaf is dense. A geodesic lamination is decomposed 
into finitely many minimal components and isolated leaves both of whose ends spiral 
around minimal components. We say that a geodesic lamination is minimal when 
the lamination itself is a minimal component. For a geodesic lamination A which 
is not a closed geodesic, a subsurface of S with geodesic boundary containing A 
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which is minimal among such surfaces is called a minimal supporting surface. This 
is uniquely determined. We call the interior of the minimal supporting surface, the 
minimal open supporting surface. 

A measured lamination is a geodesic lamination A endowed with a holonomy- 
invariant transverse measure /i. For a measured lamination (A, fJ,), its support is 
a maximal sublamination A' such that for any arc a intersecting A' at its interior, 
we have ijl{ol) > 0. When we talk about a measured lamination, we always assume 
that it has full support, i.e. the support coincides with the entire lamination. It 
is known that any minimal geodesic lamination admits a non-trivial holonomy- 
invariant transverse measure. 

The set of measured laminations on S with the weak topology on the trans- 
verse measures is called the measured lamination space and is denoted by MC{S). 
Thurston proved that MC{S) is homeomorphic to r6 S -6+2 P ( gee jgj and pgj ^ 
The projectivised measured lamination space is defined to be the quotient space of 
AiC(S) \ {0} by identifying scalar multiples with respect to the transverse mea- 
sures, and is denoted by VMC(S). The quotient space of MC(S) \ {0} obtained by 
identifying two measured laminations with the same support is called the unmea- 
sured lamination space, and is denoted by UA4£(S). Evidently UA4£(S) is also a 
quotient space of VMC(S). 

By Margulis' lemma, there exists a positive constant eo such that for every hy- 
perbolic 3-manifold H 3 /G, the set of points where the injectivity radii are less 
than eo consists of disjoint union of open tubular neighbourhoods of simple closed 
geodesies, called Margulis tubes, and cusp neighbourhoods corresponding to max- 
imal parabolic subgroups of G. The complement of the cusp neighbourhoods of 
H 3 /G is called the non-cuspidal part and is denoted by (H 3 /G)o. By Margulis' 
lemma again, it is known that a maximal parabolic subgroup of a Kleinian group 
is isomorphic to either Z or Z x Z. A cusp, or a cusp neighbourhood is called a 
Z-cusp (neighbourhood) or Z x Z-cusp (neighbourhood) depending on the corre- 
sponding maximal parabolic subgroup is isomorphic to Z or Z x Z. A Z x Z-cusp 
neighbourhood is homeomorphic to S 1 x S 1 x R, whereas a Z-cusp neighbourhood 
is homeomorphic to S 1 xl 2 . For a Kleinian surface group G, the hyperbolic 3- 
manifold H 3 /G cannot have Z x Z-cusps. 

A parabolic curve of (G,cf>) 6 AH(S) is a non-peripheral simple closed curve c 
on S such that <5(c) is nomotopic to a core curve of a component of Fr(H 3 /G)o 
touching a Z-cusp neighbourhood. In the case when (G, (f>) is a b-group, there is 
a system of disjoint, non-parallel, parabolic curves on S such that every parabolic 
curve is isotopic to one in the system. 

For a marked Kleinian surface group (G, <fi), a minimal geodesic lamination A on 
S which is not a simple closed curve is said to be an ending lamination if there is 
no pleated surface homotopic to $ which realises A. Since A is minimal, A admits a 
transverse measure and can be regarded as an unmeasured lamination. When A is 
an ending lamination, every frontier component of its minimal supporting surface 
is a parabolic curve. In the case when (G, (f) is a b-group the ending laminations 
are pairwise disjoint and are disjoint from all parabolic curves. We call the set of 
all parabolic curves and all ending laminations of (G, 4>) the end invariant of (G, (f). 

2.3. Mapping class groups and curve complexes. Isotopy classes of diffeo- 
morphisms of a surface 5, including orientation reversing ones, are called extended 
mapping classes of S. The group which they form is called the extended mapping 
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class group of S, and is denoted by r*(5). The mapping class group is a subgroup 
of index 2 of the extended mapping class group, which consists of all orientation 
preserving isotopy classes. 

We call an isotopy class of essential (i.e. non-contractible and non-peripheral) 
simple closed curves on S a curve on S. For a surface with £(S) > 4, we consider a 
simplicial complex whose vertices are the curves on S, such that curves Co, . . . ,c p 
span a p-simplex if and only if they are realised as disjoint simple closed curves. 
This simplicial complex is called the curve complex of S and is denoted by C(S). 
The vertex set of C(S) is denoted by C°(S). 

When £(S) = 4, the curve complex is defined to be a graph whose vertices are 
the curves, such that two curves are connected by an edge if they intersect at fewest 
possible intersection, i.e. at two points when S is a four-times punctured sphere, 
and at one point if S is a once-punctured torus. 

2.4. Geometric limits and their model manifolds. A sequence of Kleinian 
groups {Gi} is said to converge geometrically to a Kleinian group H if for any 
convergent sequence {7^ £ Gi j } its limit lies in H, and any element 7 € H is a 
limit of some 6 Gi}. To distinguish it from the geometric convergence defined 
here, we call the convergence with respect to the topology of AH(S) the algebraic 
convergence. It is known that any sequence of non-elementary Kleinian groups has 
a geometrically convergent subsequence. 

When {Gi} converges to H geometrically, if we take a basepoint x in H 3 and its 
projections Xi G M 3 /G t and x<x, € M 3 /H, then (M 3 /Gi, Xi) converges to (M 3 /H, 
with respect to the pointed Gromov-Hausdorff topology: that is, there exists a 
(Ki, ^-approximate isometry B ri (M 3 /Gi, Xi) — )• BK iri (M 3 /H, Xoo) with K% 1 
and r, — > 00. 

In Ohshika-Soma [31], we constructed bi-Lipschitz model manifolds for geometric 
limits of Kleinian surface groups. For a geometric limit H of a sequence of Kleinian 
surface groups, its (If-)bi-Lipschitz model manifold is a 3-manifold with a metric 
M which has a if-bi-Lipschitz map / : M — > (M 3 /H)q, called a model map. 

Our model manifold has a decomposition into what we call bricks. A brick is a 
product interval bundle of the form E x J, where E is an incompressible subsurface 
of S (i.e. a subsurface whose frontiers are essential curves), and J is a closed or 
half-open interval in [0, 1]. We call E x max J the upper front and E x max J the 
lower front of the brick provided that max J or min J exists. A brick manifold 
is a manifold with possibly empty torus or open annulus boundaries consisting of 
countably many bricks. Two bricks can intersect only at their fronts in such a way 
that an incompressible subsurface is the upper front of one brick is pasted to an 
incompressible subsurface in the lower front of the other brick. Here we state one of 
the main theorems in [21] , restricted to the case when the sequence also converges 
algebraically. 

Theorem 2.1 (Ohshika-Soma [21]). Let {(Gi,4>i)} be an algebraically convergent 
sequence in AH{S), and take 0, so that {4>i} converges as representations to ip 
with M' = H 3 /'0(7ri(S')). Let H be a geometric limit of {Gi}, and set = 
W 3 /H. Then, there are a model manifold M of {M^q, which has a structure 
of brick manifold, and a model map f : M — > (M^q which is a K -bi-Lipschitz 
homeomorphism for a constant K depending only on x(S'). The model manifold M 
has the following properties. 
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(1) M is embedded in S x [0, 1] preserving the vertical and horizontal directions 
of the bricks. 

(2) There is no essential properly embedded annulus in M. 

(3) An end contained in a brick is either geometrically finite or simply de- 
generate. The model map takes geometrically finite ends to geometrically 
finite ends o/(M oc )o, simply degenerate ends to simply degenerate ends of 
(M oo ) . 

(4) Every geometrically finite end o/M corresponds to an incompressible sub- 
surface of either S x {0} or S x {1}. 

(5) An end not contained in a brick is neither geometrically finite nor simply 
degenerate. For such an end, there is no half- open annulus tending to the 
end which is not properly homotopic into a boundary component. We call 
such an end wild. 

(6) M has a brick of the form S x J , where J is an interval containing 1/2, 
and f#(ni(S x {t})) with t £ J carries the image of ni(M') in tti(AI oc ). 

In |20) , we introduced the notion of standard algebraic immersion. In the situa- 
tion as in Theorem 12. 1[ there is a map from S to M corresponding to the inclusion 
of the algebraic limit into the geometric limit. We can homotope such a map to a 
standard position. What we need in this paper is not a general definition of stan- 
dard algebraic immersion but that of the special case as follows. Suppose that the 
(Gj, cj>i) lie in a Bers slice. Then the invariant domain of the algebraic limit descends 
to a component of the region of discontinuity of the geometric limit H. (This was 
proved in Corollary 2.2 of Kerckhoff-Thurston [14] when the Gi are quasi-Fuchsian. 
The same argument works even when the Gi are b-groups.) In this case, we can 
take a standard algebraic immersion to be a horizontal embedding (with respect to 
the product structure S x [0, 1]) of S which is parallel in M to S x {0}. Therefore, 
from now on, when we talk about a standard algebraic immersion, we mean such a 
horizontal embedding. 

Each end of (Moo)o corresponds to that of M, and is either geometrically finite 
or simply degenerate or wild. An end is said to be algebraic when it is lifted to the 
algebraic limit M' . We note that a wild end cannot be algebraic. 

2.5. Hausdorff limits of shortest pants and end invariants. In [20], we gave 
a way to determine the end invariants of an algebraic limit of {qf(mi,ni)} using 
the Hausdorff limits of shortest pants decompositions of (S,mi) and (S,rii). The 
following is a portion of Theorem 5.2 in [20] in the case when m, is fixed, i.e. the 
groups lie on a Bers slice. 

Proposition 2.2. Let {m^} be a divergent sequence in T(S). Let Pi be a shortest 
pants decomposition with respect to the hyperbolic structure compatible with rrii. 
Regard Pi as a union of closed geodesies in a fixed hyperbolic surface (S,mo), and 
suppose that Pi converges to a geodesic lamination A in the Hausdorff topology. 
Suppose also that {qf(mo,rrii)} converges to a Kleinian group G' in AH(S). Then 
the minimal components of A that are not simple closed curves are exactly the ending 
laminations o/H 3 /G". 

The next lemma is an easy corollary of Theorem 12.11 

Lemma 2.3. Let {(Gi,(f>i)} be a sequence of marked Kleinian surface groups lying 
on a Bers slice such that as representations {4>i} converges to ip : iri(S) — >• PSL2C, 
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whose image we denote by G . Let H be a geometric limit of a subsequence of {Gi\, 
and M a bi-Lipschitz model manifold of (H 3 /H)q. Let c C S be a parabolic curve 
of (£?', ip), and f '■ S — > M a standard algebraic immersion. Then one and only one 
of the following three holds. 

(1) There is an annulus boundary component 4 o/M both of whose ends lie on 
S x {1}, and /(c) is homotopic to a core curve of A. 

(2) There is a simply degenerate or wild end of the form E x {t} such that 
/(c) is homotopic into FrE x {t — e} in M for any small e > 0. In other 
words, /(c) is homotopic to a core curve of an annuls touching a 1,-cusp 
neighbourhood attached to a simply degenerate or wild end. 

(3) There is a torus boundary component o/M into which /(c) is homotopic. 

We shall next state and prove a result similar to Proposition 12 . 21 for the limit of 
b-groups. 

Proposition 2.4. Let {(Gi,fa)} be a sequence of marked b-groups lying on a Bers 
slice which converges algebraically to a marked b-group (G',<p'). Let Xi be either a 
parabolic curve or an ending lamination of (G,-, 4>i). Then every minimal component 
of the Hausdorff limit Aqo of {At} that is not a simple closed curve is an ending 
lamination of (G, <f>'). Moreover, every simple closed curve in Aoo is a parabolic 
curve of (G',fa). 

Proof. The first half of what is claimed above is a special case of Theorem 11 in 
[2"U] . In the following, we shall show the second half by an argument similar to the 
one employed in [20] . 

Let H be a geometric limit of {G{\ after taking conjugates of fa so that {fa} 
converges to ifi as representations. Then H contains G' as a subgroup. Let M be a 
model manifold of the non-cuspidal part (M 3 /H)o. We regard M as embedded in 
S x [0, 1] as in Theorem 12.11 Let g' : S — > M be a standard algebraic immersion 
defined in ij2.41 Since {(Gi,fa)} lies on a Bers slice, g' can be assumed to be a 
horizontal surface homotopic to S x {0} in M. Consider a simple closed curve 7 
in the Hausdorff limit v oi {Xi}. As was shown in Theorem 11 in [20], 7 is disjoint 
from ending laminations and cannot intersect a parabolic curve transversely. 

Suppose, seeking a contradiction, that 7 is not a parabolic curve. By considering 
vertical projections inside M of simply degenerate ends and torus boundaries above 
g'(S), we see that there remain only three possibilities, (a) g'i^y) is homotopic 
in M into a geometrically finite end on S x {1}. (b) g' (7) is homotopic into a 
simply degenerate end corresponding to E x {t} for some incompressible subsurface 
E. (c) There are either a simply degenerate end or a horizontal annulus on a 
torus boundary, corresponding to E x {<}, and an incompressible subsurface T of S 
containing 7 with the following condition. The horizontal surface (EnT)x{(- e} 
for small e > is vertically homotopic into g'(T) in M, and EflT intersects 7 
essentially when regarded as a subsurface of T. 

First suppose that 3(7) is homotopic into a geometrically finite end on S x {1} 
as in (a) above. Let E x {1} be the subsurface corresponding to the end. Since 
we are assuming 7 is not a parabolic curve, 7 is an essential (i.e. non-contractible 
and non-peripheral) curve in E. Consider subsurfaces of E containing 7 whose 
images by g' are homotopic into E x {1}. We take T' which is maximal up to 
isotopy among such surfaces. Since the model manifolds for (H 3 /Gi)o converge 
geometrically to M, this homotopy from g'(T') to E x {1} can be pulled back to 
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g'(S) 




Figure 1. g'(T') is a maximal surface which is homotoped into 
£ x {*}. 



the model for (H 3 /Gi)o. Therefore for sufficiently large i, the hyperbolic 3-manifold 
H 3 /Gi has an upper geometrically finite end facing a surface containing T", and 
the upper conformal structure at infinity on T" converges to the restriction to T' of 
the conformal structure on the geometrically finite end £ x {1}. This in particular 
implies that there is neither parabolic curve nor ending lamination intersecting 7 
for sufficiently large i. This contradicts our assumption that 7 is contained in the 
Hausdorff limit of {A^}. 

Now we turn to consider the second possibility (b) that g'i^y) is homotopic into a 
simply degenerate end e corresponding to E x {t}. Also in this case, we take a sub- 
surface T 1 of £ containing 7 and homotopic into £ x {t} which is maximal among 
such surfaces. (See Figure [TJ) Since 7 was assumed to be non-parabolic, 7 is an 
essential curve in E. By Corollary 4.18 of [3D], a hierarchy hi for (Gj, 4>i) has a tight 
geodesic 74 supported on a subsurface £j which corresponds to E by a homeomor- 
phism fi : S — > S, whose homotopy class is determined by an approximate isometry 
from B ri (W 3 /Gi,Xi) to BK iri (H 3 /ff, Xoo) associated to the geometric convergence 
of {Gi} to H. The last vertex Vi of hi is mapped to the curve converging 
as i — > 00 to the ending lamination of e, which we denote by /i e . By Lemma 5.11 
of Minsky [IB], which is a generalisation of Lemma 6.2 of Masur-Minsky [T5], the 
projection of Xi to E, is within (universally) bounded distance from Vi unless it 
is empty. Since the Hausdorff limit of Xi contains 7 = fi(p/), the projection of 
to Ei is not empty for large i. Therefore, fi(Xi) also converges in the Hausdorff 
topology to a geodesic lamination containing /i e . On the other hand, since fi\T' is 
the identity and 7 is contained in the Hausdorff limit of {A^}, we see that /j(Aj) 
converges in the Hausdorff topology to a geodesic lamination containing 7 as a leaf. 
Since \x e and 7 intersect transversely, this is a contradiction. 

Finally, let us consider the third possibility (c). By the same argument as in 
the case (b) above, we see that there is a homeomorphism /,; : S — > S determined 
by an approximate isometry such that fi\T is the identity and fi(Xi) converges to 
a geodesic lamination containing either the ending lamination of the end E x {t} 
when E is not an annulus, or the core curve of E when E is an annulus. By the 
same reason as above, this contradicts the assumption that 7 lies in the Hausdorff 
limit of Xi. Thus we have shown that none of the three possibilities can occur, and 
completed the proof. □ 
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3. Definition and basic properties of reduced Bers boundary 

We now define the reduced Bers boundaries formally. 

Definition 3.1. For the Teichmiiller space T(S) of S, let q mo :T(S) -> AH(S) be 
the Bers embedding with basepoint at m . Let T(S) be the frontier of Im(g mo ). 
We introduce on d^ T(S) an equivalence relation ~ such that two points x, y € 
3^ o T(S) are ^-equivalent if and only if they are quasi-conformally conjugate to 
each other. We consider the quotient space d^T(S)/ ~, which we call the reduced 
Bers boundary with basepoint at tuq and denote by d~~T{S). We also consider 
the reduced Bers compactiEcation with basepoint at mo, which is T(S) Lid^T(S) 
endowed with the quotient topology induced from the Bers compactification T(S) U 
9^T(S). When it is clear from the context which Teichmiiller space we are talking 
about, we omit T(S) and use the symbols and d^ Q for simplicity. 

Definition 3.2. We set UM.Cq(S) to be the subset of UMC(S) consisting of 
unmeasured laminations A such that for each component Ao of A that is not a 
simple closed curve, every frontier component of the minimal supporting surface of 
Ao is contained in A. 

By the invariance of ending laminations under quasi-conformal deformations 
and the ending lamination theorem proved by Brock-Canary-Minsky [6], we see 
that two points {G\,<f>\) and (G^,^) in d^ n are ^-equivalent if and only if their 
parabolic curves and ending laminations coincide. Furthermore, every lamination 
in IAA4Cq(S) is realised as the union of ending laminations and parabolic curves as 
was shown in Ohshika [15] . Still, as we shall see below, the topology of and 
the one on UA4£q(S) induced from the measured lamination space are different 
except for the special case when dim T(S') = 2. 

Definition 3.3. Let e : d^f — > UMCq{S) be a map taking a point in to the 
union of all of its ending laminations and its parabolic curves. As was remarked 
above, this map is a bijection. 

Proposition 3.4. The bijection e : — > UA4£q(S) is not continuous if 
dimT(S) > 2, i.e. if £(S) > 4. 

Proof. Let tt : dg -> d™j and p : MC{S) \ {0} -> UMC(S) be projections. Take 
some essential simple closed curve c, regarded as a point in UMCo(S). Then the 
set {c} consisting only of c is a closed set since P _1 ({c}) is the set of all positively 
weighted c, which is closed in MC{S) \ {0}. 

Now, we consider 7r _1 (e _1 ({c})). This set consists of regular b-groups having 
only c as a parabolic curve. Under the assumption that dimT(S') > 2, this set is 
not closed since it is a non-trivial quasi-deformation space and has a limit outside 
7r~ 1 (e~ 1 ({c})), for instance a regular b-group having d and c as parabolic curves, 
where d is an essential simple closed curve disjoint and homotopically distinct from 
c. Thus we have shown that there is a closed set in 14A4£q(S) whose preimage by 
e _1 is not closed, and hence e is not continuous. □ 

We also see that the inverse of this map is not continuous either. 

Proposition 3.5. The inverse e _1 : UMCq{S) — > d RB is not continuous if 
dimT(S) > 2. 
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Proof. Let 5 be a surface with dimT"(S') > 2. Then S contains disjoint non- 
homotopic essential simple closed curves c\,C2- They are regarded as points in 
UA4Cq(S). These points c\ and C2 correspond to points e _1 (ci) and e _1 (c2) repre- 
sented by regular b-groups which have only one parabolic curve, c\ and C2 respec- 
tively. We shall show that there is an open neighbourhood U of e _1 (ci) in 
whose image under e is not open in UA4Cq(S). 

Let U be the set consisting of points in represented by groups in d^ which 
do not have ci as a parabolic curve. Since having ci as a parabolic curve is a closed 
condition in df n , the set U is open in d^ B , and obviously it contains e~ 1 (ci). Its 
image e(U) consists of unmeasured laminations in IAA4Cq(S) which do not have C2 
as a leaf. Now, in MC{S), any neighbourhood of c\ contains a weighted union of the 
form S\C\ US2C2 with s\ close to 1 and S2 close to 0. Therefore, any neighbourhood 
of C\ contains c\ U C2 in UA4Cq(S). Since c\ is contained in e(U) whereas c\ U C2 
is not, this shows that e(U) cannot be open in UA4Cq(S), and we have completed 
the proof. □ 

Remark 3.6. In the case when dim T(S) = 2, there is no non-trivial quasi- 
conformal deformation space in d^ lQ . This means that d^ — d*~? in this case. 
We also see that VMC(S) = UMC(S) since every measured lamination that is 
not a simple closed curve is uniquely ergodic in this case. The work of Minsky [16] 
shows that e is a homeomorphism then. 

Kerckhoff-Thurston showed in [14, that the Bers boundary depends on the 
basepoint too, and in particular that the action of the (extended) mapping class 
group on T(S) does not extend continuously to d^ a . We shall show that in contrast, 
the reduced Bers boundary does not depend on m , and the action of the 
extended mapping class group can be extended to T(S) U c^f . 

Theorem 3.7. Let m\,m% he two points in T(S). Then there is a homeomor- 
phism from d^f to which is an extension of the natural identification between 
qf({ mi } x T(S)) and qf({m 2 } x T(Sj). 

Since the algebraic convergence of {qf(mo, f*{n,i))} in T(S) U for an ex- 
tended mapping class / is equivalent to that of {g/(/* _1 (m ), n«)} in T(S) U 
d^I{^ m once Theorem 13.71 is proved, we have the following corollary. 

Corollary 3.8. The action of the extended mapping class group T*(S) on T{S) 
extends continuously to T(S) U . 

To show Theorem 13.71 the following result in Ohshika-Soma [3T] is essential. 

Theorem 3.9. Let H be a geometric limit of a sequence of quasi- Fuchsian groups. 
Then every quasi- conformal deformation of H is induced from a quasi- conformal 
deformation on fln/H. 

Using this theorem, we shall prove the following lemma, which is a generalisation 
of Proposition 2.3 of Kerckhoff-Thurston [14] , 

Lemma 3.10. Let mi,iri2 be two points in T(S). Set (Gj,<pi) = qf(mi,rii) and 
(Gf,</>f) = qf{m2,rii) and suppose that both {4>}} and {4>f} converge as represen- 
tations. Suppose moreover that {Gj} converge geometrically to H. Then {Gf} 
converges geometrically to a quasi- conformal deformation of H (without taking a 
subsequence). 
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Proof. Proposition 2.3 of [14] showed this under the assumption that the geometric 
limit H is finitely generated. They needed this assumption only when they used 
Sullivan's rigidity theorem. Since we have the same kind of rigidity by Theorem 
13.91 even in the case when H is infinitely generated, we can argue in the same way 
as in [H]. □ 

As a corollary of this lemma, we get the following. 

Corollary 3.11. In the situation of Lemma \3.10\ the algebraic limit of{(Gf,<pf)} 
is a quasi- conformal deformation of that of {(G\ , <fi})} ■ 

Proof. Let H' be the geometric limit of {Gf }. Since the lower conformal structure of 
{G}} is constant, as was shown in Corollary 2.2 of Kerckhoff-Thurston [14], Qh/H 
has a unique component that is conformal to (S, mi), which we denote by Si . In the 
same way, we see that £Ih'/H' also has a unique component conformal to (S 1 , m.2), 
which we denote by S%. The algebraic limits of {(Gj,4>j)} and {(G\, (j)f )}, which 
we denote by T and V respectively, are subgroups of H and H' corresponding to 
tti(Si) and 7Ti (S2) respectively. A quasi-conformal deformation of H to H' , which 
is guaranteed to exist by Lemma 13.101 induces that of L to L' since Si and S2 
are characterised by the condition that they are homeomorphic to S among the 
components of Qh/H and £Ih' / H' . Therefore, the algebraic limit of {(Gj,4>^)} is 
quasi-conformally conjugate to that of {(Gj, 4>j)}. □ 

Now we start the proof of Theorem 13.71 

Proof of Theorem^ We define h : T(S) U <9*f -)• T{S) U to be the identity 
on T(S) and to take a point in d^f to the one having the same parabolic curves 
and ending laminations in d^f which is obtained by changing the lower conformal 
structure from mi to m^. This map is obviously bijective. We shall show that h is 
continuous. 

We shall first show that h\d^f is continuous. Let F be a closed set in . 
By our definition of h, we have e(h~ 1 (F)) — e(F), for the bijection e defined in 
the previous section. This implies that if a point in has the same parabolic 
curves and ending laminations as a point in F, then it must be contained in h~ 1 (F). 
Setting n mi : T(S) U < -> T(S) U 9«f and n m2 : T(S) U fl« ^ r(5) u qRB 
to be projections, we consider the preimage F2 = 7r~^ (F), which is a closed set in 
d^ 2 . By our definition of h, the preimage Fi = 7r~^/i _1 (i 7 ') consists of b-groups 
such that if we change their lower conformal structure from mi to m,2, then they 
are contained in F2. 

What we have to prove is that Fx is closed. Since d^ li is metrisable, we have 
only to show that any sequence in Fi that converges in has limit in Fx. Let 
{(Hi, ipi)} be a sequence in Fx such that {ipi} converges as representations, and 
(i/oo, V>oo) hs algebraic limit in d^ t . As was remarked above, for each (Hi, ipi), 
there is a group (H^ip^) £ F2 which is obtained by changing the lower confor- 
mal structure from mi to m.2. Let fi : C — > C be a quasi-conformal homeomor- 
phism conjugating Hi to H[. By choosing (H-,^) so that fi fixes three points 
0, 1 and 00, we can assume that {ip'i} also converges as representations. Since the 
fi are uniformly quasi-conformal, passing to a subsequence, they converge to a 
quasi-conformal homeomorphism which conjugates (H^, ipoc) to an algebraic limit 
(if^, -0oo) of {(H-,tp')}. Since F 2 is closed, (H'^^oo) is contained in F 2 . Since 
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(i/oo , ?Aoo ) is a quasi-conformal deformation of [H'^^oo), they have the same par- 
abolic curves and ending laminations. This shows that (-ff<x>, tpoc) is contained in 
Fi as was remarked before. Thus we have shown that h\d RB is continuous. By the 
same argument, after interchanging the roles of mi and rri2, we can also show that 
is continuous, hence that h\d RB is a homeomorphism onto d RB . 

Next we shall show that for any open set U in T(S)Ud RB , its preimage /i _1 (J7) 
is open in T(S') U 3„f . Since T(S) U has the quotient topology, what we 
have to show is that 7r~^ (/i _1 (C/)) is open in T(S) U d B . Suppose, seeking a 
contradiction, that this set is not open. Since h is the identity in T(5), we see that 
ir^(/i _1 ((/nT(S))) is open. Also, since h\d R f is continuous as was shown above, 
7r~i (h~ x (U n d R f)) is open in d B ± . Therefore, the only possibility for 7r~^ (h^ 1 (U)) 
not to be open is that there is a sequence of points {pi} in T(S) which is not 
contained in ^^{h^ 1 ^)) but converges to a point p^ in 7r^(/i _1 ([7 Pi d RB )). 

Passing to a subsequence, we can assume that {h(j>i) — pi} also converges to 
a point p'^ in T(S) U <9,^ 2 . Since the Pi are not contained in 7r~*(C7 fl T{S)) — 
7r~^(/i" 1 ([/ fl T{S))) and tt^(^) is open, we see that is not contained in 
jr~j(!7). Now, Corollary 13. Ill implies that is a quasi-conformal deformation of 
Poo. By the definition of h, this means that T^m 2 ip'oo) coincides with h(% mi (jpoo))- 
Since p^ is contained in 7r~^(/i _1 (J7 fl d RB )), we see that ^^(p^) = M'n'miG'oo)) 
must be contained in /7 n <9„f ■ This contradicts what has been proved above. 

Thus we have shown that h is continuous in T(S) U d RB . By interchanging 
the roles of mi and iri2, we see that hr x is also continuous, which completes the 
proof. □ 

4. Rigidity of automorphisms 

Papadopoulos proved in [32] that there is a dense subset D oiUA4C(S) in which 
any auto-homeomorphism of UA4C(S) is induced from the action of an extended 
mapping class if > 4. Also, the action on D determines an element of the 
mapping class group uniquely except for the case when S is a closed genus 2 surface. 
After proving the same kind of result for d RB , we shall further show that any auto- 
homeomorphism of d RB is induced from an extended mapping class even if we do 
not restrict it to a dense subset. 

The results in this section are independent of the choice of the basepoint rriQ. 
Therefore, we shall use symbols like d B and d RB , omitting itiq. 

Theorem 4.1. Suppose that £(S) > 4 (i.e. dimT(S) >2). Let f d RB -> d RB be 
a homeomorphism. Then there exists a diffeomorphism h : S — > S which induces f 
on d RB . Furthermore, unless S is a closed surface of genus 2, two diffeomorphisms 
h, h! : S — s> S inducing the same homeomorphism on d RB are isotopic. 

As was mentioned above, to prove this theorem, we shall first consider a dense 
subset of d RB and show that any auto-homeomorphism coincides with the action 
of an extended mapping class on this set. 

Definition 4.2. Let 9 reg be the subset of d RB consisting of equivalence classes 
represented by regular b-groups. 

By McMullen's theorem [T2], <9 reg is dense in d RB , and this is the dense set on 
which we shall first show that the action is induced from an extended mapping 
class. In [55], Papadopoulos used the notion of adherence degree to characterise 
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foliations of Jenkins-Strebel type to determine the number of non-parallel minimal 
components. The topology of d RB has different non-separability from UA4C(S), 
and we need to use the following notion of adherence height instead of the adherence 
degree. 

Definition 4.3. A point b in d RB is said to be unilaterally adherent to a in d RB if 
every neighbourhood of b contains a. (We are not excluding the possibility that a is 
also unilaterally adherent to b although we say "unilaterally" . We put this adverb 
to distinguish our definition from that of "adherence" by Papadopoulos [35] j which 
is symmetric with regard to a and b.) Let T — (ao, . . . , a„) be an ordered subset 
of d RB . The set T is said to be an adherence tower if a,j is unilaterally adherent 
to oi, . . . , dj-i, and we call n the length of T. We define the adherence height of 
a G d RB to be the supremum of the lengths of the adherence towers starting from 
a. We denote the adherence height of a by a.h.(a). 

From this definition, we obtain the following immediately. 

Lemma 4.4. Let f : d RB — s> d RB be a homeomorphism. Then for any point 
a G d RB , we have a.h.(/(a)) = a.h.(a). 

To show that the adherence height of any point is finite and that it characterises 
points in 9 reg , the following lemma is essential. 

Lemma 4.5. A point b G d RB is unilaterally adherent to a £ d RB if and only if 
e(b) contains e(a). 

Proof. We shall first show the "only if part. Let (G, <j>) be a marked Kleinian group 
in d B representing a, and (r, tp) one representing b. Let g be a parabolic curve for 
a. We define a subset U g to be {(H,£) G d B | £([<?]) is not parabolic}. Since the set 
of parabolic elements in PSL 2 C is closed, U g is an open set. Recall that it denotes 
the projection from d B to d RB . Since the property that [g] is parabolic is invariant 
under quasi-conformal deformations, we see that ir~ 1 ('!v(Ug)) = U g . This shows 
that Tr(U g ) is an open set in d RB . If b did not have g as a parabolic curve, then 
b would be contained in n(U g ). Then a would also be contained in Tt(U g ) since 
b is unilaterally adherent to a. This would contradict our assumption that g is a 
parabolic curve for a. Thus we have shown that b also has g as a parabolic curve. 

Next suppose that A is an ending lamination for (G, 4>). By putting some trans- 
verse measure on A, we can regard A also as a measured lamination. For any group 
(H,!;) in d B , the property that A is an ending lamination is equivalent to the condi- 
tion that lengthgp /#(£(A)) = 0, where the length of a measured lamination means 
that of its realisation provided that the length of an unrealisable lamination is de- 
fined to be 0. Since the length of A is continuous in AH(S) as was shown by Brock 
[4], the set U\ = {(H, £) G d B | A is not an ending lamination for (H, £)} is open in 
d B . Since the ending lamination is preserved under quasi-conformal deformations, 
we also have ir~ 1 {it(U\)) = U\. If b did not have A as an ending lamination, then b 
would lie in tt(U\), which would imply that a also lies in ir(U\), contradicting our 
assumption. Therefore b must have A as an ending lamination. This completes the 
proof of the "only if part. 

Conversely suppose that e(b) contains e(a). As before, we consider marked 
Kleinian groups (G, <j)) and (r, ip) representing a and b respectively. Since every 
parabolic curve and ending lamination of (G,4>) is also that of (T,ip), the main 
theorem of [19] and the ending lamination theorem by Brock-Canary- Minsky [6], 
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we see that there is a sequence of quasi-conformal deformations of (G, (f) which 
converges algebraically to (L,i/>). This shows that every neighbourhood of (T,ip) 
must intersect 7r _1 (a), which means that every neighbourhood of b contains a, hence 
that b is unilaterally adherent to a. This completes the proof of the "if part. □ 

We shall next show that the adherence height is determined by the dimension 
of quasi-conformal deformations. Let a be a point in d RB . Then 7r _1 (a) is a 
quasi-conformal deformation space lying in d B . By dim7r _1 (a), we mean the real 
dimension of this quasi-conformal deformation space. 

Lemma 4.6. For a point a € d RB , we have a.h.(a) = dim.7T — 1 (a)/2. 

Proof. Consider an adherence tower (a = clq, . . . , a n ). For each j = 0, . . . , n, take a 
marked Kleinian group ctj = {Hj,£,j) in d B representing Oj. By Lemma l4.5[ every 
parabolic curve and ending lamination of ctj is also that of otj-\-i- By the ending 
lamination theorem by Brock-Canary-Minsky [6] , if there is neither a new parabolic 
curve nor a new ending lamination of ay+i, then ctj and ctj+i are quasi-conformally 
conjugate, which contradicts the assumption that aj and a J+ i are distinct points. 
Therefore, the dimension of 7r _1 (aj + i) is at most dim.7r -1 (aj)— 2, where the equality 
is attained when all the ending laminations of Oj+i are those of ctj and there is 
only one new parabolic curve. This shows that a.h.(a) < dim7r _1 (a)/2. 

We shall next show the opposite inequality. We inductively define a sequence 
ctj, which is represented by ctj = (Hj,£j) G d B , as follows. The Riemann surface 
iljjj / Hj consists of one component homeomorphic to S corresponding to the in- 
variant component of fin and the other components each of which corresponds to 
a subsurface of S. Let Ej denote the union of the latter components. If either Sj 
is empty or every component of Ej is a thrice-punctured sphere, then ctj is quasi- 
conformally rigid within d B , and we let a,j be the last one in the sequence. Other- 
wise, we can take an essential simple closed curve Cj in Ej . We can pinch Ej along Cj 
by quasi-conformal deformations within d B . We let ctj+i = {Hj+i , £,j+i) be its limit 
in d B . Then ftj+i = n(aj+i) has only one parabolic curve that is not a parabolic 
curve of Oj, and dim?!" (aj+i) = dim7T — (aj) — 2. By this construction, we get a 
sequence with n = dim7r _1 (a)/2, which implies that a.h.(a) > dini7r _1 (a)/2. □ 

We now consider the set of multiple curves on 5, which we denote by A4C(S). 
This set is identified with the set of barycentres of simplices in C(S). Therefore, we 
can regard MC(S) as a subset of C(S). Naturally C°(S) is regarded as a subset of 
MC(S). 

Let l : M.C(S) — > d Teg C d RB be an embedding obtained by setting the image of 
a multiple curve c to be the class in d RB represented by a regular b-group having 
c exactly as the parabolic curves. This is a bijection to <9 IGg . Using the above 
lemmata, we can show the following. 

Proposition 4.7. Let f : d RB — > d RB be a homeomorphism. Then, there is a 
simplicial automorphism /' : C(S) — > C(S) such that t(/'(c)) — /(t(c)) for every 
ceMC{S). 

Proof. We shall first show that / preserves the image of l and its subset i(C°(S)). 
Let 7 be a multiple curve on S consisting of k components. Then a.h.(t(7)) = 
dimT(S')/2 — k by Lemma l4~6l On the other hand, there is an ascending sequence 
of multiple curves 71, . . . ,7„ with n = dimT(S')/2 such that 7, C Jj+t, each jj 
consists of j components, and 7fc = 7. As was shown in the proof of Lemma \4.6\ 
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this sequence induces an adherence tower, (i(7i), . . . , f<(7n))> of height n — 1 with 
K7fe) = til)- 

Conversely suppose that a.h.(a) = dimT(5)/2 — fc for some point a £ d^ 5 , and 
that there is an adherence tower (ai, . . . , a n ) such that = a. By Lemma 14.61 and 
the Ahlfors-Bers theory, we see that all the ctj are represented by regular b-groups 
and dj-\-i has one more parabolic curve than a,j has. Therefore a is also a regular 
b-group and is contained in the image of t. Since / preserves the adherence height 
by Lemma FOl we see that / preserves the image of i and i(C°(S)). Moreover, there 
is a bijection / : C°(S) -> C°_(S) such that t(/(c)) = /(t(c)) for every c G C°(S). 

Next we shall show that / can be extended to a simplicial automorphism of C(S). 
Suppose that Co, . . . ,Ck are vertices of C(S) spanning a fc-simplex. For each i, we 
consider an ascending sequence of subsets of {co,...,Cfc} starting from {a} and 
ending with {co, . . . , Ck}, which we denote by s(i)o, . . . , s(i)k- Let a(i)j be a point 
in represented by a regular b-groups whose parabolic curves are exactly s(i)j, 
in other words, we set a(i)j — i(s(i)j) regarding s(i)j as a multiple curve. Then, 
we get an adherence tower (a(i)o, . . . , a(i)k), and &.h.(a(i)k) = dimT(5)/2 — k—1. 
Moreover, the point a(i)k does not depend on i, since it is always represented by a 
regular b-group whose parabolic curves are exactly {co, . . . , Ck}- 

We shall see that this condition, in turn, characterises the existence of a fc- 
simplex spanned by co,...,Ck- Suppose that for each % = 0, . . . , fc, there is an 
adherence tower T(i) — (a(i)o, . . . , a(i)fe) with a(i)o = t({ci}) and a.h.(a(i)fc) = 
dim7~(S')/2 — fc — 1, and that a(j)u does not depend on i. Then by appending 
to T(i) an adherence tower starting from a(i)k realising its adherence height, we 
get an adherence tower of length dimT(5)/2 — 1. Such a tower consists of points 
represented by regular b-groups, and the number of parabolic curves of the j-th 
point is equal to j + 1. Therefore, every point of T(i) is represented by a b-group, 
and a(i)k is represented by b-groups whose parabolic curves are exactly Co, . . . , c&. 
This means that Co, . . . , Cfc span a fc-simplex. Thus, we have characterised the 
condition that cq , . . . , c& spans a fc-simplex, using only terms of adherence. Since / 
preserves the existence of such adherence towers, we see that /(cq), . . . , f(ck) span 
a fc-simplex if and only if cq, . . . , Ck do. This means that / extends to a simplicial 
automorphism, which we let be /'. 

It remains to show that the equality t(/'(c)) = /(t(c)) holds for every sim- 
plex c of C(S). Suppose that c is a simplex spanned by Co,...,Cfe. Then /'(c) is 
the simplex spanned by /'(co), . . . , f'(ck). Since i(c) is a regular b-group having 
Co, . . . , Ck as parabolic curves, it is unilaterally adherent to all of i(co), . . . , t(cjfe) 
by Lemma 14.51 Therefore, /(t(c)) is unilaterally adherent to all of /(t(co)) = 
t(/'(c )), . . . , /(t(cfc)) = t(/'(c fe )). This means that t(c) has /'(c ), . . . , f'(c k ) as 
parabolic curves again bv Lemma l4~5l Since a.h.(/(t(c)) = a.h.(t(c)) = dimT(5)/2— 
fc — 1, these latter curves are the only parabolic curves of /(i(c)). Since the property 
of being a regular b-group is preserved by / as was shown before, this means that 
/(t(c)) = t(/'(c)) by our definition of t. □ 

As a corollary of this proposition, we get the following. 

Corollary 4.8. For any homeomorphism f : d RB — > d RB , there is a diffeomor- 
phism g : S — > S such that for any multiple curve c on S, we have i(g(c)) = /(t(c)) 
under the assumption that £(S) > 4. 
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Proof. By the preceding proposition, we see that there is a simplicial automorphism 
/' : C(S) — > C(S) such that i/'(c) = /((-(c)) for every essential simple closed curve c. 
By the result of Ivanov [9], Korkmaz 10 and Luo there is a homeomorphism 
g : S —> S inducing /' on C(S). Thus we have completed the proof. □ 

We also obtain another corollary which is similar to Corollary 3.6 of Papadopou- 
los [22]. 

Corollary 4.9. For two surfaces Si and S2 with dimT(5'i) 7^ dimTl^), the 
reduced Bers boundaries ofT(S±) and T(S2) are not homeomorphic. 

Proof. Suppose, seeking a contradiction, that there is a homeomorphism h from 
d RB T{S!) to d RB T(S 2 ), whereas dimT(Si) ^ dimT(S 2 ). By interchanging Si and 
S2 if necessary, we can assume that dim.7~(iSi) > dim^S^)- Now, take an essential 
simple closed curve c on 5i . Then a.h.(t(c)) = dimTf^i )/2 — 1 by Lemma l4.61 Since 
any homeomorphism preserves the a.h., we see that a.h.(/i(t(c)) = dimT(<5i)/2 — 1. 
On the other hand, we see that dim7r _1 (a) < dim7~($2) — 2 for any point a G 
d RB T(S2). By Lemma [4.61 again, we see that for any point a G d RB T(S2), its 
adherence height is at most dimT(S , 2)/2 — 1, which is less than dimT(5'i)/2 — 1. 
This is a contradiction. □ 

To prove the first half of Theorem 14. 1[ we need to show that two auto-diffeomor- 
phisms of d RB inducing the same map on l(MC(S)) = 9 reg coincide. For that, we 
shall first construct open sets in d RB which are useful to understand the topology 
oid RB . 

We fix a complete hyperbolic metric on S in the first place. Let b be a point in 
d RB , and set A G UMC(S) to be e(b) for the bijection e in Definition 13.31 Take a 
sufficiently small e > so that the e-regular neighbourhoods of the components of A 
are pairwise disjoint. Let B e (A) denote the union of these regular neighbourhoods. 
Let i7 e ,/f(A) be a subset of UMC{S) consisting of unmeasured laminations each 
of whose components is either contained in B e (A) or intersects B e (A) at least at a 
geodesic arc of length more than K. We define V £i _r-(A) to be a subset consisting 
of points a e d RB with e(a) € U etK (A). 

Then we can see the following. 

Lemma 4.10. For every small e > and large K, the set V ej i<-(A) is open in d RB . 

Proof. By the definition of the topology of d RB , we have only to show that the 
preimage 7r _1 (V £! i<-(A)) is open in d B . For a point a G 7r _1 (a), we define e(a) 
to be e(a). Suppose that a marked Kleinian group (G, <p) G d B is contained 
in Tr^ 1 (V f ^ K (A)). Then e(G,<f>) is contained in U e ^ K (A). By Proposition 12.41 if 
{(Gi,<pi) G d B } converges to (G,<p), then the minimal components of the Haus- 
dorff limit of {e(Gi, <fii)} are contained in e(G,<p). By our definition of U £ ,k(A), 
this implies that e(Gi, 4>i) is contained in [/ ej x(A) for large i. Thus we have shown 
that (Gi,4>i) is contained in Tr~ 1 (V e ,K (A)) for large i, which implies that there is 
a neighbourhood of (G, 4>) contained in 7r _1 (V r ei x(A)) since d B is metrisable. This 
shows that 7r _1 (V r e! _fc(A)) is open. □ 

Now, we shall show a lemma which is a key step for the proof of Theorem 14.11 
We should note that since d RB is not Hausdorff, for a convergent sequence in d RB , 
its limit may be more than one point. 
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Lemma 4.11. Let b be a point in d RB with a.h.(6) = k. Then there is a sequence 
{a{} in 9 rcg which converges to b, such that for any point d other than b that is 
contained in the limit of {cii}, we have &.h.(d) < a.h.(6). 

Proof. If b itself is contained in <9 reg , we take at to be constantly b. Then {a^} 
converges to d other than b if and only if d is unilaterally adherent to b. This 
implies that &.h.(d) < a.h.(6) by the definition of the adherence height. 

Now suppose that b lies in d RB \ <9 rcg . Consider a marked Kleinian group (G, (f>) 
representing b. Let 71, . . . , 7 P be the parabolic curves of (G, <fi) and Ai, . . . , X q its 
ending laminations. Let T(Xj) denote the minimal supporting surface of Xj. For 
each j = l,,..,q, we take a sequence of simple closed curves {Kf} in T(Xj) con- 
verging to Xj in the Hausdorff topology. We note that this implies that there is 
a sequence of positive real numbers r\ such that {rfK^} converges to a measured 
lamination whose support is Xj . Let Ci be the multiple curve consisting of 71 , . . . , 7 p 
and Kj, ... , . We take a regular b-group (Gi, (pi) whose parabolic curves are ex- 
actly 71, . . . , 7 P , K\ , . . . , Kl (i.e. 7roe(Gi, (pi) — Ci) so that the conformal structures 
on S \ (U^ =1 7j U U^ =1 T(Aj)) are independent of i. We let Ci be the point in d RB 
represented by (G^, </>.;). 

Consider an algebraic limit (Gqc'/'oo) of {(G^,^)} passing to a subsequence if 
necessary. By the continuity of the length function proved by Brock [J] , 71 , ■ • • , 7 P 
are parabolic curves and Ai, . . . , X q are ending laminations of (Goo, 4>oo)- Further- 
more, by Abikoff's Lemma 3 in pQ, fi^/Goo has components corresponding to 
those of S \ (U^ =1 7j U U^ =1 T(A :( )). This implies that there are no parabolic curves 
other than 71, . . . , 7 P and no ending laminations other than Ai, . . . , X q . Therefore, 
(Goo, 4>oo) represents 6, which means that {ci} converges to b. 

Now suppose that {ci} also converges to d. Then for any small e > and large 
K, if we take sufficiently large i, then c, is contained in V e .K(e(d)) since V c ^k i e (d)) 
is an open neighbourhood of d by Lemma \A. 101 By our definition of V tt K (A), this 
means that Ci is contained in J7 £i x(e(d)) for sufficiently large i. From our definition 
of C/ £j k(A), by letting e — > and K — Y 00, we see that for every component of Ci, 
its Hausdorff limit contains a component of e(d) as a minimal component. By our 
definition of Ci above, the Hausdorff limits of the components of e(ci) are 71 , . . . , 7 P 
and Ai, . . . , X q respectively, whose union is equal to e{b). What has been proved 
above says that each of 71 , . . . , j p and Ai , . . . , X q contains a minimal component 
of e(d). This is possible only when they are all contained in e(d). Thus we have 
shown that e(b) is contained in e(d). If e(b) — e(d), then b = d. Otherwise, we have 
a.h.(d) < a.h.(fc). □ 

Having proved Lemma 14.111 we can now complete the proof of the first half of 
Theorem 14.11 Let f\ and ft be two auto-homeomorphisms of d RB inducing the 
same map on <9 reg . Let b be a point in d RB , and take a sequence {a^} as in Lemma 
14.111 Then f\(b) is contained in the limit of {/i(oj)}, and for any other limit 
of dl of {fi{ai)} we have a.h.(e?') < a. h. (/!(&)) since /1 preserves the adherence 
height. Since fi{ai) = /2(ai) by assumption, $2{b) is also contained in the limit 
of {/2(fli)} and has the same property as above replacing f\ with fi- This implies 
that/i(6)=/ 2 (6). 

Thus we have shown that two auto-homeomorphisms of d RB inducing the same 
map on <9 rog = l(M.C(S)) coincide. By Corollary 14.81 this implies the first half of 
Theorem 14.11 
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Under the assumption that S is not a closed surface of genus 2, Ivanov [9], 
Korkmaz |10j and Luo showed that two diffeomorphisms inducing the same 
automorphisms on C(S) coincide. This implies the second half of Theorem 14.11 
immediately. 

5. Detecting limit points on d RB 

In this section, we address a problem to determine the limit point in d RB for 
a given sequence in T(S). As examples of Kerckhoff-Thurston [14] and Brock [5] 
show, the Thurston compactification does not have enough information to deter- 
mine the limits in d RB . Still, by paying attention to the degeneration of surfaces 
in the complement of Thurston limit, we can detect the limit point in d RB up to 
some ambiguity on parabolic curves. This construction can be regarded as a gen- 
eralisation of the Morgan-Shalen compactification ([17]) which is reinterpreted by 
Bcstvina [2 , Paulin [23] and Chiswell [7] from various viewpoints. 

Definition 5.1. Let {m^ be a sequence in T(S). First consider the projective 
lamination [Ai] which is the limit of a subsequence of {rrii}, denoted again by {rrii}, 
in the Thurston compactification of T(S). Let / be a component of the measured 
lamination Ax. If / is not a closed geodesic, we consider its minimal supporting 
open surface IntT(Z) and take it away from S. If Z is a closed geodesic, unless it lies 
on the boundary of the minimal supporting surface of another component, we cut 
the surface along / and complete the resulting surface by attaching closed geodesies 
to the two open ends corresponding to I. 

We thus obtain a possibly disconnected subsurface Si of S each of whose frontier 
components is essential in S. We let %(S\) be the Teichmiiller space of Si, where 
the lengths of the geodesic boundary components can vary. We then consider the 
limit [A2] of {rm\Si} in the Thurston compactification of %(Si), taking a subse- 
quence again. We note that when S\ is disconnected, there might be a component 
from which the limit is disjoint. If A2 is empty, i.e. {rrii\Si} stays within a compact 
set of 7b(S±), then we stop the process here. Suppose that A2 is not empty. In 
contrast to Ax, this limit A2 may have essential arcs as leaves since we allowed the 
lengths of the boundary components to vary. For an arc component a, we consider 
subsurfaces of S\ with totally geodesic boundaries, containing a, whose frontiers 
are disjoint from A2. We take a subsurface which is minimal among such surfaces, 
and call it the minimal supporting surface of a. Now we repeat the same operation 
as before, replacing Ai above with A2 and taking away also minimal supporting 
subsurfaces of arc components to get a subsurface S2. 

By an easy argument using the Euler characteristic, we see that this process 
terminates in finite steps, say in n steps. At the last stage, we get a sequence of 
measured laminations, Ai, A2, . . . , A„_x, where A„ is empty. By our construction, 
these laminations are pairwise disjoint. We call the sequence (Ax, . . . , A n _x), the 
multi-layered Thurston limit of the subsequence of {rrii} which we took in the 
(n — l)-th step. For each j = 2, . . . , n — 1, we define A^ to be the union of non- 
arc components of \j. The union Ai U UjZ 2 Xj is called the core union of the 
multi-layered Thurston limit (Ax, . . . A n _x)- We call the union of the core union 
and all frontier components of minimal supporting surfaces of the components of 
X'i, . . . \' n -i the intermediate union. We call the union of the intermediate union 
and all frontier components of the minimal supporting surfaces of arc components 
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of Ai, . . . , A n _i that are disjoint from UAj, the extended union of the multi-layered 
Thurston limit. 

The definition of multi-layered of Thurston limit does depend on the choice of 
subsequences. It is not defined for {m^} itself, but the final subsequence which we 
take in the last step. Also, it is evident from our definition that any unbounded 
sequence {m^} in T(S) has a subsequence which has a multi-layered Thurston limit. 

Theorem 5.2. Let {m^} be a sequence ofl~(S) which has a multi-layered Thurston 
limit, (Ai, . . . , A p ). Then {qf(m , rrii)} converges in T(S) U to a point a such 
that e(a) contains the intermediate union and is contained in the extended union 
of (Ai,...,A p ). 

Proof. Since every subsequence of {(Gj, (pi) = qf(mo 7 m,i)} has a convergent sub- 
sequence in T(S) U 9m ' we can assume that {qf(mo,mi)} converges to a point 
(r, ip) G c\f l0 . What we have to show is that a = ir(T, ip) has the desired property. 

Let A c ,Ai and A e be the core union, the intermediate union and the extended 
union of (Ai,...,A p ) respectively. Let Kt be a shortest pants decomposition in 
(S,mi). We shall first show that each component of A c is a minimal component of 
the Hausdorff limit of any subsequence of {Ki}. Let v be the Hausdorff limit of 
a subsequence of {Ki}. By Lemma 5.3 in [20], the support of every component of 
the support of Ai is a minimal component of v. Note also that no complementary 
region of v contains a measured lamination since K t has this property. 

As in Definition 15.11 we consider a subsurface Si of S obtained by removing 
minimal open supporting surfaces of non-simple closed curve components of Ai and 
cutting along simple closed curves in Ai, and the Thurston limit [A2] of {rrii\Si}. 
Suppose that A2 contains a component I. Then, since the complement of v does 
not contain a measured lamination as was remarked above, I must intersect v. If I 
intersects v transversely, the length of Ki must go to 00 as in the proof of Lemma 5.3 
in [3U] , and we get a contradiction, for the length of Ki is bounded independently 
of i by the Bers constant. Therefore, the support of I must be contained in v. By 
repeating this argument for each step of constructing multi- layered Thurston limit, 
we can see that the support of every component of A c is contained in v as a minimal 
component. By Proposition ^. 2[ this shows that every component of A c that is not 
a simple closed curve is contained in e(a). 

We next turn to consider simple closed curves in A c . Let 7 be a simple closed 
curve in A c , and suppose that it is contained in A^. By Definition 15. li [X'j] is 
contained in the Thurston limit of {mi\Sj}. If the length of 7 with respect to nij 
goes to 0, by Bers' inequality in [3], we see that 7 represents a parabolic curve for 
(r, and hence is contained in e(a). 

Suppose next that the length of 7 with respect to Wj is bounded both from 
above and away from 0. Consider a pants decomposition of Sj containing 7 as 
a boundary component of a pair of pants, which is independent of i. Let E and 
E' be pairs of pants in the decomposition whose boundary contains 7, which may 
coincide. We take a simple closed geodesic Cj in £ U £' intersecting 7 at two points 
if E and £' are distinct, and at one point if they coincide, so that it is shortest in 
(£ U £', rrii) among such curves. We also take another such curve c in E U £' which 
is independent of i. 

By the definition of the Thurston compactification, the length of c in (EUE', rrii) 
goes to 00. On the other hand, since Ci intersects 7 at two points (or one point if 
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E = E'), a is homotopic to the union of two (or one if E = E') geodesic arcs a^, 
with cnclpoints on 7 and two (or one if E = E') sub-arcs on 7. Since the length of 7 
with respect to m, does not go to 0, we can take geodesic arcs homotopic to and 
a[ keeping endpoints on 7, which have bounded lengths. We can construct a simple 
closed curve intersecting 7 at two points (or one point if E = E') from these arcs 
and arcs on 7, which also has bounded length. Since was taken to be shortest, 
the length of c$ is also bounded. These observations imply that the times Cj goes 
around 7 in comparison to c, which is equal to z(c, Ci)/2 (or i(c, Ci) if E = E') goes 
to 00. We note that 2ci/i(c, Ci) converges to 7 (or 27 if E = E'). On the other hand, 
our estimates of length m . (a) and i(c,Ci) imply that length m . (2ci/i(c, c$)) — > 0. It 
follows that 7 represents a parabolic curve for a by the continuity of the length 
function proved by Brock [4]. 

It remains to deal with the case when the length of 7 with respect to rm goes to 
00. As was shown above, the simple closed curve 7 is contained in the Hausdorff 
limit v. Suppose, seeking a contradiction, that 7 is not a parabolic curve. Our 
argument from here to the end of the proof is similar to the last three paragraphs of 
the proof of Proposition ^. A\ and involves a geometric limit and its model manifold. 
Let H be a geometric limit of {Gi}. We consider a model manifold M of the non- 
cuspidal part of H 3 /H, and a standard algebraic immersion g' : S — > M, which we 
can assume to be a horizontal embedding since {(Gi, <f>i)} lies on a Bers slice. As in 
the proof of Proposition ^. 4i we consider the following three possibilities, (a) g' (7) is 
homotopic in M into a geometrically finite end on S x {1}. (b) g' (7) is homotopic 
into a simply degenerate end corresponding to E x {t} for some incompressible 
subsurface E. (c) There arc either a simply degenerate end or a horizontal annulus 
on a torus boundary, corresponding to E x {i}, and an incompressible subsurface 
T of S containing 7 with the following condition. The horizontal surface (EflT) x 
{i — e} for small e > is vertically homotopic into g'(T) in M, and EnT intersects 
7 essentially when regarded as a subsurface of T. 

If 7 is homotopic to a curve on a geometrically finite end as in the case (a), then 
the length of TOj with respect to 7 converges to its length on that geometrically 
finite end. This means that length m .(7) is bounded, contradicting our assumption. 
Therefore this case cannot occur. In the cases (b) and (c), we can apply the same 
argument as in the proof of Proposition ^. 4\ to show that 7 cannot be contained in 
the Hausdorff limit 17 contradicting the fact proved above. In the present situation, 
v is the limit of shortest pants decomposition whereas in Proposition 12.41 we con- 
sidered limits of parabolic curves or ending laminations. Still the same argument 
works since we can use Lemma 5.11 of Minsky [16] both for ending laminations 
(or parabolic curves) and shortest pants decomposition. Thus we have proved that 
every simple closed curve in A c is contained in e(a). 

Now, we turn to consider the simple closed curves in A, \ A c . Every boundary 
component of the minimal supporting surface of any non-simple closed curve com- 
ponent of A c is also contained in e(a) since such a component represents the ending 
lamination of (r, ijj). Therefore, by our definition of intermediate union, we see that 
Aj is contained in e(a). 

Next we shall show that every ending lamination and parabolic curve is contained 
in A e . Since the total length of Ki is bounded from above independently of i, as 
was remarked above, its Hausdorff limit v cannot intersect the Thurston limit of 
(Sj,rrii\Sj) for any j — 1, . . . ,p. Therefore each minimal component vq of v either 
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coincides with the support of a component of A e or is disjoint from U^ =1 A P . In the 
latter case, vq survives in the subsurface S p +i which appears in the last stage of 
the construction in Definition 15.11 If Vq is not a simple closed geodesic, then it is 
impossible that S p +i containing vq stays in a bounded set in 7&(<5p+i). This is a 
contradiction. Therefore, every minimal component of v that is not a simple closed 
curve is contained in A e . By Proposition 12.41 every ending lamination of {T,ip) is 
contained in v, and hence in A e by the above observation. Therefore, what remains 
is to deal with parabolic curves of (T,ijj). 

Let c be a parabolic curve of (T, ip). By Lemma [2731 there are three possibilities: 

(i) the first is when g'{c) is homotopic to a core curve of an annulus boundary both 
of whose ends are contained in the top geometrically finite end lying on S x {1}; 

(ii) the second is when g'{c) is homotopic to a core curve of an annulus boundary 
corresponding to a Z-cusp, attached to a simply degenerate or wild end; and (iii) 
the third is when g'(c) is homotopic to a core curve of a torus boundary component. 
In all cases, c cannot intersect A c transversely since each component of A c is cither 
an ending lamination or a parabolic curve. In the case (i), length m .(c) goes to 0, 
and hence c must be contained in some Aj. This implies that c is contained in 
A c c A e . 

Suppose that g'(c) is homotopic to a Z-cusp attached to a simply degenerate 
or wild end corresponding to £ x {t} as in (ii). If this end is algebraic (hence 
is simply degenerate in particular), then c lies on the boundary of the minimal 
supporting surface of an ending lamination of (T, ip), which is a non-simple-closed- 
curve component of A c . Therefore, c is contained in A e in this case. 

Now, we consider the case when the end is not algebraic. Let A be an annulus 
bounded by <?'(c) and a core curve of the Z-cusp. Since g'(c) is not homotopic to 
a geometrically finite end, c is not contained in a subsurface where the hyperbolic 
structure is in a bounded set of the Teichmiiller space. Therefore, if c does not lie 
in A e , then c intersects a component of multi-layered Thurston limit transversely. 
Since c cannot intersect A c , this means that c intersects an arc component a of some 
Xj which represents the limit in the Thurston compactification of Tb(Sj). Now, we 
consider the lowest simply degenerate end above g'(S) whose projection intersects 
Sj, which we denote by ei, and suppose to correspond to T\ x {si}. If T\ CI Sj 
intersects a essentially, then so does the ending lamination \i\ of e-y. As before, 
there is a homeomorphism fo-.S—tS such that fi{Ki)\T\ converges to a geodesic 
lamination containing /ii and fi\Sj is the identity. This implies that the length of 
Ki with respect to rrii grows to oo since the limit of KiC\(TiC\Sj) = fi(Ki)n(TiC\Sj) 
intersects a essentially. This is a contradiction. 

Next suppose that T\ n Sj can be isotoped to be disjoint from a. Then we 
consider the complement Sj \ Ii , which we let be Sj , and consider the lowest end 
whose projection intersects Sj . We repeat the same argument as above, and within 
finite steps, we get an end whose projection intersects a essentially since there is 
no essential half-open annulus going to a wild end. Then, we get a contradiction by 
the same argument as above. Thus we have shown that the possibility (ii) cannot 
occur either. 

It remains to consider the case (iii) when c is homotopic to a core curve of 
an algebraic torus boundary component. If there is a component at of Ki which 
intersects c essentially, then the projection of to an annulus A(c) around c goes 
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to an end of C(A(c)) by of Lemma 5.11 of [16 . Otherwise, there is a component at 
of Ki homotopic to c. 

As was shown before, if c does not lie in A e , it must intersect an arc component 
a of Xj. If cii is homotopic to c, this implies that the length of goes to oo, which 
is a contradiction. Therefore, we have only to consider the case when ai intersects 
c essentially. Since the projection of to A(c) goes to an end of C(A(c)), the 
Hausdorff limit v must spiral around c from both sides. By the same argument as 
in the proof of Lemma 5.3 in |20) . this implies that the length of Oi goes to oo. This 
contradicts the fact that ai is a component of Ki whose total length is bounded. 
Thus we have shown that c must be contained in A e . This completes the proof. □ 

Remark 5.3. The ambiguity coming from the difference between the intermediate 
union and the extended one is inevitable if we only consider the multi-layered 
Thurston limits, as the following example shows. 

Let 5*1 , S2 and S3 be subsurfaces with geodesic boundaries of S with respect to 
some fixed hyperbolic metric, such that both Si (IS2 and Si (IS3 are non-empty and 
S^VntSi is a three- holed sphere P, and S^IntSi is a strip (a regular neighbourhood 
of a geodesic arc) in P. We further assume that two of the boundary components 
of P lie outside Si . Let /1 , and fs be partial pseudo-Anosov homeomorphisms 
supported on S\,S2 and S3 respectively. We consider two sequence {(Gi,4>i) = 
qf(m , fl* o /|* (mo))} and {{G[, $) = qf(m , f{* o /f (mo))}, and their algebraic 
limits (r,V>) and (L, tp r ). 

The multi-layered Thurston limits of {/{* ° /J*(m )} and {/|* 0/3* (mo)} are the 
same. The limit has a form (Ai, A2), where Ai is the stable lamination of f\, and A2 
is an arc on P both of whose endpoints lie on Si n P. Each component of dP \ S\ 
is contained in the extended union but not in the intermediate union of (Ai, A2). 
On the other hand, the components of dP \ S\ are parabolic curves for (r,^) but 
not for (r', if)') as we can see by considering geometric limits of {Gi} and {G-}. 
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